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1. DISCUSION OF RESULTS 
The bulk of this paper is devoted to showing that skew linear groups 
frequently generate crossed product algebras. We give a number of 
applications, the most important being to the structure of normal 
subgroups of absolutely irreducible (skew linear) groups. We need a 
number of definitions before we can make the above precise. 
Let R be a ring (all rings have identites), S a subring of R, and G a sub- 
group of the group of units of R normalizing S. The subring of R generated 
by S and G we denote by S[G]. If R = S[G] and if N = G n S is a normal 
subgroup of G with R = @ I E T tS for some, and hence any, transversal T 
of N to G, we say R is a crossed product of S by G/N. Frequently R will 
be an F-algebra for some field F and R = FCC]. Provided the ground field 
F is unambiguous, we shorten “FCC] is a crossed product of F[ N] by 
G/W’ to “F[G] is a crossed product over N.” 
To specify precisely the groups we wish to consider, it seems sensible to 
use P. Hall’s calculus of group classes, see the opening pages of [6]. The 
leading role in this paper is played by the class <P, L) 2I of groups, where 
2I denotes the class of abelian groups and P and L the poly and local 
operators. Thus Pu is the class 6 of soluble groups, LPU is the class of 
locally soluble groups, and (P, L) 2I is the union over all ordinals a of the 
classes (LP)’ Cu. The class (P, L ) Iu is very wide, being also subgroup and 
image closed, as well as poly and locally closed; indeed it even contains 
some infinite simple groups, see [3, p. 5351. 
For any group G we use the following notation: T(G) denotes the unique 
maximal locally finite normal subgroup of G, q(G) the HirschhPoltkin 
radical of G, (ci(G) > the upper central series of G, so Cl(G) is the centre 
of G, and a(G) and j(G) are defined by 
B(GMG) = rt(WG)) and a(G)/o(G) = CAP(GMG)). 
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If G is a soluble group then a(G) and /J(G) are closely associated with the 
Zalesskii subgroup Zal G of G, see, for example, the comments on p. 2 of 
[ 121. 
Throughout this paper n is a positive integer, F a field, and D a division 
F-algebra. The n by n matrix ring over a ring R we denote by R”““. The 
main result of this paper is the following. 
1.1. THEOREM. Let G be a (P, L ) ‘U-subgroup of GL(n, D) such that the 
subalgebra F[N] of D nx” is a prime ring for every characteristic subgroup 
NofG. 
(a) F[G] Q D”“” is a crossed product over some characteristic 
FC-subgroup of G. 
(b) F[G] is a crossed product over a(G) and hence over Zal(or(G)). 
(c) If s(G) < i?(G) then F[G] is a crossed product over an abelian 
characteristic subgroup of G, depending only on the isomorphism type of the 
group G. In particular F[ C, ( T( G))] is a crossed product over some abelian 
characteristic subgroup of C&T(G)). 
(d) There is an integer-valued function f(n) of n on& such that for 
some characteristic subgroup G, of G, depending only on the isomorphism 
t}pe of the group G, with (G : G,) <f(n), the subalgebra F[G,] of D” x ” is 
a crossed product over an abelian characteristic subgroup A of G contained 
in GO. Further A can also be chosen to depend only on the group structure 
of G. 
This generalizes nicely the qualitative part of the theorem of [12]. 
Primarily I am interested in subgroups G of GL(n, D) that are primitive. 
This means that if V denotes row n-space over D, regarded as D-D”“” 
bimodule in the obvious way, then there is no non-trivial direct decomposi- 
tion of V as left D-module, whose summands are permuted by G. 
Primitivity is not a property that passes easily through the local and poly 
operators. If G is a primitive subgroup of GL(n, D), then by Clifford’s 
theorem [7, 1.1.61 every normal subgroup N of G is homogeneous 
(meaning that V is a direct sum of isomorphic irreducible D-N 
bimodules) and the subalgebra F[N] of D”“” is prime [7, l.l.l4b]. Now 
this is a property that reasonably respect the local operator, see 2.7(d) 
below, but not the poly operator. That is, if M is a normal subgroup of the 
primitive group G and N is a normal subgroup of M, then F[N] need not 
be prime. But F[N] will be prime for every characteristic subgroup N of 
M. Thus the hypothesis in 1.1 that FIN] be prime for every characteristic 
subgroup N of G is as much of primitively that one can reasonably hope 
to salvage on passage through the local and poly operators. 
We cannot remove this residual primitivity condition from 1.1, or replace 
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it by irreducibility. (This distinction did not arise in [12]. There we were 
dealing only with subrings of division rings, so every ring that arose was 
automatically a domain. This same remark applies throughout this paper. 
We will continually be checking that subrings are prime, eliminating, or at 
least avoiding, nilpotent elements of rings and unipotent elements of 
groups, and proving torsion-freeness in various modules. None of this has 
any analogue in [ 121.) Suppose F= D is a field containing elements of 
infinite multiplicative order and let G denote the full monomial subgroup 
of GL(n, F) for some n B 3. Certainly G is absolutely irreducible. If M is the 
full diagonal subgroup of G then F[G] is not a crossed product over M 
since 
(G : M).dim,F[M] =n! .n>n’=dim,F[G], 
using that n 3 3. Also M = a(G) = p(G) = q(G) and M contains every nor- 
mal FC-subgroup of G. Moreover M= C,(M); the significance of this is 
that if G is a primitive subgroup of GL(n, D) then FCC] is a crossed 
product over the centralizer of any abelian normal subgroup of G, see 4.1 
below. 
Suppose F is a field of characteristic not 3 and containing no primitive 
cube root of 1. Let G denote the subgroup of GL(3, F) of permutation 
matrices and A the subgroup of G corresponding to the alternating group 
Alt(3 j. Then A is an abelian normal subgroup of G with A = C,(A) = q(G), 
and FCC] is not a crossed product over A since dim, F[A] = 3 and 
(G : A) .dim, F[A] = 6 = ICI > dim, FCC], the inequality following from 
XA a= c g. 
I: E G‘,. A 
If V denotes row 3-space over F then V= U 0 W as F[G]-module, where 
II is spanned by (1, 1, 1) and W by (l,-1,O) and (0, 1,-l). This uses 
char I;# 3. Since dim, U = 1, G acts primitively on U. Also G acts trivially 
on U, so G acts faithfully on W. If W is reducible as FCC]-module then G 
acts triangularizably on W. Then char F# 3 yields that G is abelian. Since 
this is false, W is irreducible. If G acts imprimitively on W then the 
representation of G on W is equivalent to 
for o a primitive cube root of 1 in F. Hence G acts primitively on W. Thus 
we have a completely reducible subgroup G of GL(3, F) such that each 
irreducible constituent of G is primitive (and even absolutely irreducible), 
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and yet G has an abelian normal subgroup A such that F[G] is not a 
crossed product over C,( A ) = A. 
If F is a field and G is a subgroup of GL(n, F) containing a non-cyclic 
free subgroup then G//I(G) must be infinite and F[G] can never be a 
crossed product over p(G). These three types of example above indicate 
that there is little scope for weakening the hypotheses of 1.1. 
We now discuss our applications of the theorem. The first involves 
control of ideals in group algebras, see [S, p. 91, etc. Briefly if N is a 
normal subgroup of a group G and if a is an ideal of the group algebra FG, 
then N controls a if a = (an FN)G. Now N controls a if and only if 
G n (1 + a) <N and FGIa is a crossed product of FN/(a n FN) by G/N in 
the natural way. The following is a direct consequence of 1.1. 
1.2. COROLLARY. Let F be a field, G a ( P, L ) %-group and p an ideal of 
the group algebra FG such that G n ( 1 + p ) = ( 1 ), such that FG/p is either 
left or right Goldie and such that p n FN is a prime ideal of FN for every 
characteristic subgroup N of G. 
(a) p is controlled blv some characteristic FC-subgroup of G. 
(b) 4 is controlled by cc(G) and Zal(cl(G)). 
(c) If r(G) < c,(G) then p is controlled by an abelian characteristic 
subgroup of G that depends only on G. 
(d) For some characteristic subgroup G, of G offinite index, the ideal 
p n FG, of FG, is controlled bJv an abelian characteristic subgroup A of G 
contained in G,,. Moreover GO and A can be chosen to depend only on G. 
Let p be a prime ideal of the group algebra FG, where G is a (P, L) ‘u- 
group. If FG/p is either left or right Goldie then FG/p has a simple Artinian 
ring of quotients and G embeds into GL(n, D) for some integer n and divi- 
sion F-algebra D. Conversely if FGIp embeds into some D”“” then FG/p is 
both left and right Goldie by the theorem of [ll]. This links the 
hypotheses of 1.1 and 1.2. The following is a variant of 1.2. 
1.3. COROLLARY. Let F be a field and G a (P, L) %-group. Suppose p is 
an idea1 of FG such that G n ( 1 + p) = ( 1 ), such that FG/p is a simple 
Artinian and such that G does not permute an)! non-trivial set of orthogonal 
idempotents of FG/p. Then the hypotheses and hence the conclusions of 1.2 
hold. 
For the hypotheses of 1.3 ensure that the natural embedding of G into 
FG/p embeds G into GL(n, D) for D”“” 2 FGjp, as a primitive (and also 
absolutely irreducible) subgroup. Then Clifford’s theorem yields the 
hypotheses of 1.2. As we pointed out above, the class (P, L)‘$l contains 
infinite simple groups. 
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1.4. COROLLARY. Let F be a field and G an infinite simple (P, L)%- 
group. The only non-zero prime ideal p of the group algebra FG, with FG/p 
left or right Goldie, is the augmentation ideal of G in FG. Zf R = F[G] is a 
prime F-subalgebra of some one-sided Artinian F-algebra A, then R is the 
group algebra FG. 
For the first part of 1.4 note that either G n (1 + p) = G and p is the 
augmentation ideal, or G n ( 1 + p ) = ( 1) and p is controlled by ( 1) by 
1.2(a). In the latter case p = (0). For the second part of 1.4 note that since 
R is prime, R embeds into a simple image of A. Thus we may assume that 
A is simple. Clearly cl(G) = ( 1) and the claim follows from 1.1(b), for 
example. 
For basic notions concerning skew linear groups, see [7]. The following 
generalizes a number of known results, especially 1.1 of [lo] and 
Corollary 3 of [ 121. See also Sections 5.6 and 5.7 of [7]. 
1.5. COROLLARY. Let G be an absolutely irreducible subgroup of 
GL(n, D) and H a normal subgroup of G with HE PL( (P, L)cU v 5) (e.g., 
with HE (P, L)2I). Then H and G/Co(H) are both abelian by periodic. 
The basic case of 1.5 is when HE (P, L)‘u. Straightforward group- 
theoretic arguments extend the result to HE PL( (P, L)‘LI v 5); here ij 
denotes the class of finite groups and P the ascending series operator. One 
can rephrase 1.5 in terms of group algebras as follows. 
1.6. COROLLARY. Let F be afield, G a group, m an ideal of FG such that 
FGfm is simple Artinian, and H a normal PL( (P, L > ‘9I v g)-subgroup of 
G. Then H modulo m and G/Co(H modulo m) are both abelian by periodic. 
I f  G E PL( (P, L) ?I v 5) then G modulo m is abelian by locally finite. 
Finally we can use 1.5 to extend slightly 1.4 of [lo]. Given a field F, let 
gF be the class of groups G such that every primitive image of the group 
algebra FG satisfies a polynomial identity and let 3F be the class of groups 
G such that every primitive image of FG is Artinian. See [7, Chap. 63 for 
discussion and alternative definitions of these classes. Note that ?))F~ 3F 
for all fields F. Denote the class of finitely generated groups by 8. 
1.7. COROLLARY. (a) sFn(5nPL((P, L)rUvg)C9r. 
(b) Suppose the field F is not locally finite. Then JFn 
PL((P, L)avg)G’l),. 
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2. HOMOGENEITY 
Let G be a subgroup of GL(n, D) and let V be row n-space over D, 
regarded as D - D” x ” bimodule in the usual way. If G is homogeneous, 
that is, if V is a direct sum of isomorphic irreducible D - G bimodules, then 
FCC1 6 D n xn is a prime ring (e.g., [7, 1.1.141). Of course the converse is 
false. We require a concept intermediate between these two. 
Say F[G], or G if the ground field F is unambiguous, is homogeneously 
faithful if V is a direct sum of F[G]-faithful, irreducible D -G bimodules. 
2.1. If G is homogeneous then G is homogeneously faithful. If G is 
homogeneously faithful then F[ G] is prime. If F[ G] is prime then F[G] 
acts faithfully and hence homogeneous!,? faithfully on at least one D-G 
composition factor of V. 
Prof The first claim is obvious, as is the second; it is also given by [7, 
l.l.l4].PickaD-Gcompositionseries C’=V,,>V,> ... >V,={O}of V 
and let pi denote the annihilator of Vi- ,/Vi in F[G]. Then each pi is prime 
and Vp,p,...p,= (0). Hence pIpz...p,= (0). If F[G] is prime it follows 
that at least one pi is zero. 
2.2. Let G be a homogeneously faithful subgroup of GL(n, D) and N a 
normal subgroup of G. Then N is homogeneously faithful if and only tf F[ N] 
is prime. 
Proof Suppose F[N] is prime. F[G], and hence F[N], acts faithfully 
on each irreducible D-G submodule of V. Hence we may assume 
that G is irreducible. By Clifford’s theorem N is completely reducible, so 
suppose V= V,@ ,.. @ V,, where each Vi is D - N irreducible, and set 
pi = Ann,tN, Vi. Order the Vi so that pi # (0) if and only if 1 < i< s and 
assume ~21. Set a=p,n ... np,. Since G permutes the homogeneous 
components of N, G permutes the pi and hence the non-zero pi. Conse- 
quently G normalizes a and therefore Va is a D-G submodule of the 
irreducible D - G module V. Now s 3 1, so at least one pi is non-zero, and 
F[N] is prime. Thus a # (O}, Va # {0), and Va = V. But clearly 
Var V,+,@ ‘.. @ V,. Therefore s = 0; that is, N is homogeneously 
faithful. The converse is a consequence of 2.1. 
If G is a primitive subgroup of GL(n, D) then every normal subgroup of 
G is homogeneous and hence homogeneously faithful. Suppose G is a 
subgroup of GL(n, D). We wish to pursue two questions: If every normal 
subgroup of G is homogeneously faithful do many subgroups of G have 
their normal subgroups homogeneously faithful, and if only certain normal 
subgroups of G are homogeneously faithful, when do all the normal 
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subgroups of G enjoy this property? Our reasons for doing this are the 
following. In order to cope with the local operator we have to be able to 
pass hypotheses on G to the members of certain local systems of G and in 
order to handle the poly operator we need to pass hypotheses to normal 
subgroups of G. The relatively strong concept of primitivity is inconvenient 
for these purposes. Sym(n) denotes the symmetric group on n symbols. 
2.3. Let G be a subgroup of GL(n, D) with every normal subgroup H of 
G such that G/H is embeddable in Sym(n) homogeneously faithful. Then 
every normal subgroup of G is homogeneously faithful. 
Proof. Let N be a normal subgroup of G. Now G, and hence N, is com- 
pletely reducible; let V,, . . . . V, be the (non-zero) homogeneous components 
of V as D - N bimodule. Clearly 1 4 r < n. Set H = ni N,( Vi). Then H is 
a normal subgroup of G containing N such that G/H embeds into Sym(r). 
Thus H is homogeneously faithful. Now Vi is a D - H submodule of I’ and 
so Vi contains an irreducible D -H submodule U,, which in turn contains 
an irreducible D - N submodule Wi. Then F[H] acts faithfully on Ui, so 
F[N] does too. But Ui is D - N homogeneous, so F[N] also acts faithfully 
on U;,. Therefore F[N] is homogeneously faithful. 
Let G be any subgroup of GL(n, D). Denote the composition length of 
I’ as D - G bimodule by c(G) and set 
me(G) = min{ c(X): X a finitely generated subgroup of G}. 
Suppose G is completely reducible. A local marker of G is any finitely 
generated subgroup X of G with c(X) = me(G). By [9, (8a)] this definition 
of local marker is consistent with the definition given in [9]. Clearly any 
finitely generated subgroup of G containing a local marker of G is a local 
marker of G. By [9, (8a)] local markers of G are completely reducible. If 
G is actually homogeneous then local markers of G are homogeneous and 
F[L] is prime for every subgroup of G containing a local marker of G, see 
[9, (8b) and (8c)]. 
2.4. Let G be a homogeneously faithful subgroup of GL(n, D), X a local 
marker of G, and L a subgroup of G containing X. Then X is homogeneously 
faithful and F[L] Q D” x n is prime. 
Proof Let W be a D - G irreducible direct summand of V and p the 
restriction map of F[G] into End, W. Then Xp is easily seen to be a local 
marker of Gp and so Xp is homogeneous by [9, (8)]; that is, W is a 
homogeneous D-X module. Since G is homogeneously faithful p is one- 
to-one. Hence F[X] acts faithfully on any non-zero D - X submodule of 
W. It follows that X is homogeneously faithful. 
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Let a and b be non-zero ideals of F[L] with ab = [O ). There exists a 
finitely generated subgroup Y of L containing X such that a, = u n F[ Y] 
and 6, = b n F[ Y] are both non-zero. But then a, b, = (O), while F[ Y] is 
prime by the first part. This contradiction proves that F[L] is prime. 
If G is a group and !I? is a variety of groups then %G denotes the verbal 
subgroup of G corresponding to B). 
2.5. Let G be a group and m and n positive integers. Denote by Bo the 
variety generated by all the jinite sections of G isomorphic to subgroups of 
Sym(n). Then G/BEG has jinite exponent dividing (n!)“. If also 
G E <P, L ) 2I (more generally if G E (PA)QS = ?%) then G/%‘$ G is soluble of 
derived length at most 
m[5 log,n] <m(n- 1). 
Clearly G/%gG has exponent dividing (n!)” and is soluble of derived 
length less than m . n! if each finite section of G is soluble. The bound above 
comes from [3, Theorem B,]. 
2.6. Let G be a subgroup of GL(n. D) such that every verbal subgroup of 
G (including G itself) is homogeneously faithful and let 2J be any variety of 
groups containing the variety ?I3, of 2.5. 
(a) There is an integer m < n such that for k = m and for all large 
integers k, every normal subgroup of BkG is homogeneously faithful. 
(b) There is an integer m < n such that for k = m and for all large 
integers k, there is a local marker X of K = !BkG such that: 
(i ) every normal subgroup, of every local marker of K containing X, 
is homogeneously faithful and 
(ii) for every normal subgroup N of a subgroup M of K with X < M, 
the algebra F[ N] ,< D” x n is prime. 
Proof (a) ~<c(%~G)<~(B~+‘G)<~. Pick k with c(~~G)=c(%~+‘) 
and note that there does exist such a k with k <n and that all large enough 
k have this property. By hypothesis K= !BkG is homogeneously faithful. 
Suppose K has a normal subgroup that is not homogeneously faithful. 
Then K has such a subgroup N by 2.3 with K/N embeddable in Sym(n). 
Clearly BK< N, so L = B’+‘G < N. 
Let U be any irreducible D - K submodule of V. Then U is F[K]- and 
hence F[N]-faithful. If U is D-L irreducible it is also D-N irreducible. 
But N is not homogeneously faithful, so at least one such U is D - L 
reducible. Therefore c(K) < c(L), and this contradiction of the choice of k 
completes the proof of (a). 
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(b) 1 < MC(K) < mc( L) < n for K= ‘@G and L = BZk + ‘G again. Pick 
k with MC(K) = me(L) and let X, be a local marker of L. Then X, is also 
a local marker of K. There exists a finitely generated subgroup X of K with 
X, d 23X. Clearly X too is a local marker of K. 
Let N be a normal subgroup of the local marker Y 2 X of K and suppose 
N is not homogeneously faithful. By 2.3 we may choose such an N with 
Y/N embeddable in Sym(n). Then X, ,< %JX< 23 Y < N. Also N is of finite 
index in Y, so N too is finitely generated and contains the local marker X, 
of K. By 2.4 the group N is homogeneously faithful. Thus (i) holds. 
Suppose now that N is as in (ii). If Y is any finitely generated M 
containing X then F[N n Y] is homogeneously faithful and hence prime 
by (i). It follows that F[N] is prime, cf. the proof of 2.4. 
We can use 2.1 and 2.2 to translate 2.3, 2.4, and 2.5 into results about 
prime rings. 
2.7. Let G be a subgroup of GL(n, D). 
(a) If FCH] < D * x n is prime for every normal subgroup H of G with 
G/H embeddable in Sym(n) then it is prime for every normal subgroup H 
of G. 
(b) rf F[G] <D”“” is prime there is a finitely generated subgroup X 
of G such that F[L] is prime for every subgroup L of G containing X. 
(c) Suppose F[ H] < D n xn is prime for every verbal subgroup H of G. 
With 23 as in 2.6, for some kc n and for all large k, if N is a normal 
subgroup of gkG then F[N] is prime 
(d) With G and ‘23 as in (c) for some k < n and for all large k there 
is a finitely generated subgroup X of K = 23’G such that if N is a normal 
subgroup of a subgroup M of K with X< M, then F[ N] < D” *’ is prime. 
Proof In each case F[G] is assumed to be prime, so by 2.1 we may 
suppose that G is irreducible. Then any normal subgroup H of G with 
F[H] prime, is homogeneously faithful by 2.2. Using 2.1 again, (a), (b), 
(c), and (d) now follow from, respectively, 2.3, 2.4, 2.6(a), and 2.6(b). 
Also 2.7(a) is easy to prove directly as follows. Let N be a normal sub- 
group of G. Then F[N] is semiprime with at most n minimal prime ideals 
PI, .‘., p,, see [9, (9) and (lo)], and p,n ... np,= (0). These pi are 
permuted by G. Set H= ni N,(pi). The hypothesis of 2.7(a) ensures that 
F[H] is prime. If r > 1 then p, H is a non-zero ideal of F[H] with 
IPCNl(~I).~LH= (01. Here IFCNl indicates the left annihilator in F[N]; 
similarly rFCN1 denotes the right annihilator. Hence IFCN,(p,)= (0). But 
r > 1 implies that 
(01 ZP2n ... np,~I,&P,). 
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This contradiction shows that r = 1, so p, = (0) and F[N] is prime as 
required. 
Note that 2.3 is an immediate consequence of 2.7(a) and 2.2 so in some 
sense 2.3 and 2.7(a) are equivalent. It is not so clear how one could prove 
2.7(c) and (d) without affectively going through something like 2.4 and 2.6 
and I doubt very much whether 2.4 and 2.6 are readily obtainable from 2.7. 
Trivially 2.6(a) follows form 2.7(c) and 2.2. Finally 2.7(b) is also a 
consequence of 2.1 and [9, (8c)]. 
We conclude this section by considering briefly the corresponding results 
for homogeneity. The following result is not used in this paper. 
2.8. Let G be a subgroup of GL(n, D). 
(a) If every normal subgroup H of G with G/H embeddable in Sym(n) 
is homogeneous then every normal subgroup of G is homogeneous. 
(b) Suppose G is homogeneous and let X be a local marker of G and 
L a subgroup of G containing X. Then X is homogeneous and F[L] < D”” n 
is prime. 
(c) Suppose every verbal subgroup of G is homogeneous. With B as in 
2.6, for some k < n and all large k, every normal subgroup of BkG is 
homogeneous. 
(d) With G and B as in (c), for some k > n and all large k there is a 
local marker X of K such that (i) every normal subgroup, of every local 
marker of K containing X is homogeneous and (ii) for every normal subgroup 
N of a subgroup M of K with X < M, the algebra F[ N] d D” xn is prime. 
Proof. (a) Consider the proof of 2.3. Here H is homogeneous. Sup- 
pose r B 2. There is a D - H isomorphism 4 of Uz to U,. Then W, and 
W,rj are both irreducible D - N submodules of V, and so are isomorphic. 
But then W, and Wz are D - N isomorphic, which is false. Hence r = 1 and 
N is homogeneous. 
(b) This is just [9, (8b) and (8c)]. 
(c) Repeat the proof of 2.6(a), using 2.8(a) in the place of 2.3. All the 
irreducible D - K submodules of V are D -K and hence also D - N 
isomorphic. If N is not homogeneous the irreducible D -K submodules of 
V cannot all be D - N irreducible. Thus 
c(K) <c(N) < c(L) 
and the proof is completed as before. 
(d) Repeat the proof of 2.6(b), using 2.8(a) and (b) in place of 2.3 
and 2.4. 
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Homogeneous faithfulness of a subgroup G of GL(n, D) is a property of 
the embedding of G in D” x n rather than of G itself. Using the following it 
can often be passed down from D” x n to a simple Artinian subring of D” xn 
containing F[ G]. 
2.9. A subgroup G of GL(n, D) is homogeneously faithful if and only if 
G is completely reducible and F[G] acts faithfully on every non-zero 
F[ G]-submodule of V. 
ProoJ: Suppose G is homogeneously faithful and let U be a non-zero 
F[G]-submodule of V. If x E F[G] kills U then x also kills the D - G sub- 
module DU=CdED dU of V. But DU is a direct sum of F[G]-faithful 
D - G bimodules. Thus x = 0 and U is also F[G]-faithful. The converse is 
obvious . 
Finally we make the simple remark that not every normal subgroup of 
an irreducible group is homogeneous. For example, if 
G= (a=(: a!l), (i A)) GGL(2, F) 
for any a E F with a # 1, 0, - 1 then G is absolutely irreducible, N= (a) 
is normal in G, and N is not homogeneous. 
3. MISCELLANEOUS RESULTS ON QUOTIENT RINGS 
3.1. Let H be a subgroup of GL(n, D) such that D”“” is the ring of right 
(resp. left) quotients of its subalgebra F[H]. Then H is an irreducible 
subgroup of GL(n, D). Further H contains a finitely generated irreducible 
subgroup X. 
Unlike linear groups, not every irreducible skew linear group contains a 
finitely generated irreducible subgroup, see [7, 1.1.8). Of course every 
subgroup of H containing X is also irreducible. 
Proof Let { eij : 1 < i, j < n 1 be the set of standard matrix units of D” x “. 
There exist elements aij, c of F[H] such that each eii= aijcp’ (resp. c-la,). 
Clearly H contains a finitely generated subgroup X with c and all aV 
in F[X]. 
Let V be row n-space over D, regarded as D - D” x n bimodule in the 
usual way and suppose U is a non-zero D-X submodule of V. Then 
Uaii~UandUc~U.ButcEGL(n,D),soUc=U,Uc-’=U,andUe,dU 
for every i and j. It follows that U = V, and so X is irreducible as claimed. 
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3.2. Let R be u ring, J a subring of’ R, and H 6 K subgroups of the group 
of units of R normalizing J such that R is the ring of right quotients of 
J[ H] Q R and J[K] < R is a crossed product of J[B] by K/B for some 
normal subgroup B of K. Then K= HB. 
Proof J[ K] is free as right J[HB]-module on any left transversal of 
HB to K. If k E K then k = UC ’ for suitable non-zero elements a and c 
of J[ H]. Then kc = a and a, c E J[HB]\ { 0 ). Therefore k E HB and 
consequently K = HB. 
3.3. Let S be a right Ore subring of D”“” and G a subgroup of GL(n, D) 
normalizing S such that S[G] < D nxn is homogeneously faithful. Then the 
ring Q of right quotients of S embeds naturally into D”““. 
This is a slight generalization of [7, 5.7.8; 11, (6)]. 
Proof Let V be row n-space over D, taken as D-D”“” bimodule as 
usual. By hypothesis V= V, @ . . . @ V,, where each Vi is D - S[G] 
irreducible and S[G]-faithful. Suppose each element of the set C = %Zs(0) 
of regular elements of S acts bijectively on each Vi. Then Cc GL(n, D) and 
the subring S[C-‘1 of D”“” . IS S isomorphic to Q. Hence we may assume 
that V is irreducible as D - S[G] bimodule. Now apply [ 11, (6)]; 
alternatively repeat the proof of [7, 5.7.81. 
3.4. Suppose, H is a homogeneously faithful (P, L )(9@) subgroup of 
GL(n, F). Then F[ H] < D” xn . is prime by 2.1, so the theorem of [ 1 l] 
implies that F[H] is Goldie. It therefore has a simple Artinian ring of 
quotients, which usually we denote by F(H). By 3.3 the algebra F(H) is 
naturally a subring of D”““. 
4. CENTRALIZER CROSSED PRODUCT CRITERIA 
4.1. Let G be a subgroup of GL(n, D) with F[G] < D”“” a prime ring. 
Suppose z&’ is a set of abelian normal subgroups of G such that F[A] 
is prime for every A in d. Then F[G] is a crossed product over 
A, = RAE& C,(A). 
For d the set of all abelian normal subgroups of G, the subgroup A.& 
played an important role in [12], the notation in [12] for this A, being 
1’G. More critical here is the case where d is the set of all abelian 
characteristic subgroups of G. We write &.G for this A,. 
Proof: Let A E d and set K= C,(A). It suffices to prove that F[G] is 
a crossed product over K, for example, by ( 1) of [ 123. Provided F[K] is 
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torsion-free as a module for the domain F[A 1, this is an immediate 
consequence of [7, 5.3.21. 
Clearly F[A]* is a divisor subset of F[A], and it is normalized by G. 
Hence it is also a divisor subset of F[G] by [7, 5.6.3(a)]. Also 
F[G] <D”“” satisfies the maximal condition on left or right annihilators 
and therefore F[G] is torsion-free over F[A ] by [ 8, ( 13 )]. 
The following is a variant of 4.1 that will not be used in this paper. 
4.2. Let G be a subgroup of GL(n, D) and suppose d is a set of abelian 
normal subgroups of G such that F[A] and FCC,(A)] are prime subalgebras 
of D”“” for every A in d. Then F[G] is a crossed product over n, C,(A). 
As in the proof of 4.1, for A EJX? and K= C,(A), we have only to check 
that F[K] is torsion-free over F[A]. Since F[K] is prime and F[A] lies 
in its centre. this is immediate. 
5. NILPOTENT CROSSED PRODUCT CRITERIA 
5.1. Let R = J[A ] be a ring, where J is a subring of R and A is a nilpo- 
tent subgroup of the group of units of R of class at most 2 centralizing J. For 
Z = cl(A) suppose J[Z] < R is a domain. Then R is a crossed product of 
J[Z] by A/Z. 
Proof: If 5.1 does not hold we can choose a relation xi=, xiii= 0, 
where the xi lie in distinct cosets of Z in A, the ii are non-zero elements 
of J[Z], and r is minimal. Trivially r 2 2. Since x2$x, Z there exists y E A 
with [x,, y] # [x,, y], for pick any ye A\C,(x;‘x,). Then 
The minimal choice of r ensures that ([xi, y] - [x,, y]) ci = 0 for all i > 1. 
But [x,, y] - [x,, y] # 0 # cz and J[Z] is a domain. This contradiction 
completes the proof. 
The proof of the above little lemma 5.1 is essentially the same as 
that of [8, 3.21 and effectively goes back some thirty years to work of 
D. A. Suprunenko at least. 
5.2. Let F be a field, R an F-algebra, H a subgroup of the group of units 
of R, and x a unit of R normalizing H. Set A = a(H), B = a( (x) H), and 
T= t(H). Suppose T is central in (x) H and assume F[ T] < R is prime. 
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Then F[ A] < R is a crossed product over < , (A ) and F[ A B] < R is a crossed 
product over i,( AB). 
Proof Now A’ < T by definition, so A is nilpotent and A < /I( (x) H). 
Hence 
[A,B]<Anr((x)H)=T. 
Also B’ < H n r( (x) H) = T. Therefore (AB)’ d T, and in particular AB is 
nilpotent of class at most 2. 
Suppose C:= r xiii = 0, where the xi lie in distinct cosets of <,(AB) in AB, 
the ii are non-zero elements of F[%,(AB)], and r is minimal. Then as in the 
previous proof there exists JE AB with [x,, J] # [x,, .v] and ([.x1, .v] - 
c*y,, L’l)i*=O. 
By hypothesis F[ T] is a commutative domain, and T is periodic. Hence 
F[T] is a field. Thus its non-zero element [xZ -y] - [x,, 4’1 is a unit and 
consequently i2 = 0. This contradiction completes the proof that F[AB] is 
a crossed product over i,(AB). Taking x = 1 yields that F[A] is also a 
crossed product over [,(A). 
5.3. Let G be a (LB)(L%)-subgroup of GL(n, D) such that F[G] <D” x” 
is prime. Then F[G] is crossed product over a(G). 
Proof: If p=char F>O then O,(G) is unitriangularizable [7, 1.3.41. 
Hence the ideal of the prime ring F[G] generated by O,(G) - 1 is nilpo- 
tent. Therefore O,(G) = (1). It now follows that GE L(s%) in all cases, 
see [12, (5)]. By 2.7(b) every finite subset of G lies in a finitely generated 
subgroup Y of G with F[ Y] prime. The result now follows from [ 12, (S)]. 
As a immediate consequence of 5.3 applied to b(G) we have: 
5.4. Let G be a subgroup of GL(n, D) Mith F[-l(G)] s D”“” prime. Then 
FCC] is a crossed product over a(G) if and only ifit is a crossed product over 
S(G). 
At several important points in the proof of the main theorem the 
hypotheses apply not to the original group G, but only to a subgroup H 
of G containing the derived group G’ of G. We need therefore to develop 
a theory to cope with this relativised situation. We have already seen a 
small part of this in 5.2 (set G = (x) H; then G’< H d G). Much more 
important is the following relativised version of 5.4. 
5.5. Let H be a subgroup of GL(n, D) with F[H] and F[q(H)] both 
prime rings and suppose F[H] is right (resp. left) Ore with ring Q of right 
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(left) quotients. Assume /I?(H) E (L!R)(Lg). Let G be any multiplicative sub- 
group of Q with G’ d H < G. Then F[P(G)] is a crossed product over a(G). 
Clearly the hypotheses here are stronger that one would like, but the 
only assumption that is a real nuisance is the one that j?(H) E (L!JI)(Lg). 
The fact that here 
does not seem to help. 
Proof There exists by 2.7(b) a finitely generated subgroup X of q(H) 
such that F[L] is prime for every subgroup L of q(H) containing X. Let 
L1 be any finitely generated subgroup of q(H) containing X and let L, be 
a normal subgroup of L, . Set C = qFcLO, (0), the set of regular elements of 
F[L,]. We claim that C’G%Z~~,,(O). 
Note first that F[ L, ] is prime, so F[L,,] is at least semiprime [9, (9)]. 
It is also Noetherian, so by Goldie’s theorem C is a (left and right) Ore 
subset of F[L,]. Suppose M is a finitely generated subgroup of q(H) 
containing L, . Then M is nilpotent and L, is subnormal in M, say 
L,-4Ll-=I ..’ aL,=M. 
With LipI and L, in the roles of L, and L, we deduce that %YFcL,-,,(0) is 
a divisor subset of F[L,- ,] and clearly it is normalized by Li, so it also 
is a divisor subset of F[L,] by [7, 5.6.31. Further F[L,] is prime since 
X< L, < Li and so gFcL,-,, (0) z +YFcL,,(0) by [9, (13)]. A simple induction 
yields that 
from which it follows that Cs UM C,,,,(O) = CFCV,Hj,(0). Now F[H] is 
prime by hypothesis, so [7, 5.6.3; 9, (13)] again yield %FCII(Hj,(0) E 
gF~H~(0) and gF&O) is by construction a set of units of Q 2 F[G]. Thus 
c E @q”,(o) c ~F[G,(O) 
as claimed. 
Let K be any finitely generated subgroup of p(G). Then K is finite by 
nilpotent; for F[G] is isomorphic to a subring of D”“” for some m <n by 
[7, 5.7.73. If char F= 0 the claim follows from [ 12, (5)]. If p = char F>O 
the same result yields only that K is finite-by-nilpotent modulo 
P= O,(P(G)). We prove that P = (1). Since P is locally finite its image in 
GL(m, D) above is unitriangularizable [7, 1.3.41. Hence the ideal n of 
F[G] generated by P- 1 is nilpotent. If XE n\{O} then x = ac-’ (resp 
cP ‘a) for suitable a and c in F[H] and so a = xc (resp. cx) E n n F[ H]. 
336 B. A. F. WEHRFRITZ 
The latter is zero since F[ H] is prime, so n = {O ) and P = ( 1) as claimed. 
This completes the proof that K is finite-by-nilpotent. 
Choose K as above with Xb K. We now show that F[K] is a crossed 
product over d(K) (=;c(K) by [12, (6)]); here d(K)=ig~K: 
(K : C,(g)) < ,x ). Let Y be a subgroup of K’ n d(K) and < a non-zero 
element of F[K] with <(Y- 1) = (0). Trivially X<q(H) n K, so 
F[q(H) n K] is prime and its central subring F[n( I-2) n c,(K)] is a domain. 
Further q(H) n K is finitely generated (indeed every subgroup of K is). 
Hence by the first part of the proof F[G] is torsion-free over this domain. 
Therefore Ynq(H)ni,(K)= (1). 
Now Y d K’ n /I(G) < H n j?(G) = fl( H) and Y < K is finitely generated. 
By hypotheses #l(H) E (L%)(@j). Hence ( Y : Y n rjj H)) is finite. Also 
Y<d(K) and (d(K):<,(K)) is finite by [12, (6)]. Consequently 
(Y: Yn q(H) n c,(K)) is finite. In view of the previous paragraph, this 
means that Y is finite. Trivially K is hyper K-central. Therefore F[K] is 
a crossed product over d(K), see [7, 53.101. 
Suppose xi=, ticci = 0, where the ti lie in distinct cosets of A = a(G) in 
/I(G) and the ai are non-zero elements of F[A]. If i#j then ti:‘tj$A and 
so tY= [t;‘tjr g,] $ r(G) for some gijEB(G). Since r(G) is the set of 
elements of /3(G) of finite order, so each tij has infinite order. Clearly b(G) 
contains a finitely generated subgroup K with K containing X and all t, and 
g, and with each aiEF[A n K] <F[d(K)]. Then F[K] is a crossed 
product over d(K) and C tiai=O yields that t,:‘t,,~d(K) for some i#j. 
Hence 
tij= [t,:‘tj, gij] er(K) 
has finite order, see [ 12, (6)] again, and this contradiction completes the 
proof that F[B(G)] is a crossed product over a(G). 
We continue this section with some background remarks. Unlike the 
transition from 5.4 to 5.5, some parts of the relativised theory go through 
easily and without extra hypotheses. For example, this is the case with the 
next two results. 
5.6. Let R = J[G] be a ring, where J is a subring of R and G is a finitely 
generated finite-by-nilpotent multiplicative subgroup of R centralizing J. Sup- 
pose H is a subgroup of G with G’ < H < G, J[H] prime and right (or left) 
Ore with ring Q of quotients and J[H] < R < Q. Then R is a crossed product 
of JCdG)I by G/&G). 
If G = H then 5.6 becomes a special case of [ 12, (7)]. It is easy to deduce 
from the hypotheses of 5.6 that R too is prime. The conclusion then follows 
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from [12, (7)]. Then 5.6 and the argument of the final paragraph of the 
proof of 5.5 yields the following relativised version of [12, (8)]. 
5.7. Let R = J[G] be a ring, where J is a subring of R and G is a multi- 
plicative L(@ll)-subgroup of R centralizing J. Suppose that H is a subgroup 
of G with G’ < H < G, that J[ H] < R is right (resp. left) Ore with ring Q of 
quotients satisfying J[H] < R < Q and that for every finite subset X of H 
there is a finitely generated subgroup K of H containing X such that 
J[K] d R is prime and right (resp. left) Ore with its ring of quotients 
naturally embedded in Q. Then R is a crossed product of J[a(G)] by G/a(G). 
We conclude this section with some remarks concerning the a-radical. 
First we tie it in with the local d-radical A of Passman [S, p. 3161. For a 
group G this is defined by 
A(G) = {x E G : x E X< G, X finitely generated implies x E d(X)} 
= x’;‘, ,?, A( n 
. / 
where X ranges over the finitely generated subgroups of G and Y over the 
finitely generated subgroups of G containing X. 
5.8. I~GE L(g%) then a(G) = A(G). 
ProoJ: Let x E A(G) and g E G. Then XE A( (x, g)), so by [ 12, (6)], we 
have [x, g] of finite order. But here r(G) is the set of elements of G of finite 
order. Thus [x, g] E r(G), for all g in G, and so XE a(G). Conversely if 
x E a(G) and if X is a finitely generated subgroup of G with x E X, then 
[x, X] 6 Xn r(G) d r(X), which is finite. Thus X~EX. r(X) is also finite 
and x E d(X). Therefore x E A(G). 
The following is the a-analogue of 112, (12)] concerning the b-radical of 
a group. 
5.9. Let G be a group and 9 a local system of subgroups of G. Let X 
be a finite set of coset representatives of a(G) in G. Then there exists 
HE Y such that for all K < G with H < K we have that X is a set of coset 
representatives of a(K) in K. 
Proof: By [ 12, (12)] there exists H, E 9 such that for H< K< G we 
have X < K and if x, y E X with -u/I(K) = y/I(K) then xfl(G) = y/I(G). Set 
Y=B(G)n {x-‘y:x, J’EX}. 
The argument of the final paragraph of the proof of 5.5 shows that there 
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exists H, E Ip such that for Hz < K< G we have Y d K and if ~3, 2 E Y 
with y.rx(K)=:.cc(K) then y.cr(G)=z.cx(G). There exists HEY with 
(H,, H,)dH. Suppose HdKdG. If-y, ?,EXwith,)c.cr(K)=?,.r(K) then 
{L-Y -‘.v} E Y and so or(G) = x ~ ‘.r. U(G). Hence s = ~7 and the proof is 
complete. 
Part (a) of the following result follows at once from 5.9 and Part (b) 
from [ 12, (lob and (12)]. Because we may fail to have equality in Part (a), 
5.10 is not nearly as useful as [ 12, (12)]. 
5.10. Assume the notation of 5.9. Then 
(a) GidG) s UHE9 H\dH) and 
(W WW)=U,,, WV0 
6. SOLUBLE CROSSED PRODUCT CRITERIA 
6.1. Let G, H, and M be subgroups of GL(n, D) with H soluble, 
M’ < H d M < G, and H normal in G. Suppose FCC] 6 D” x n is prime and 
F[A] is prime for every abelian characteristic subgroup A of the Zalesskii 
subgroup Zal H of H. Then there is a normal FC-subgroup Z, of M such 
that F[M] is a crossedproduct over Z,. Moreover c,(M) < Z,, Z,n H< 
Zal H, Z, is normalized by any automorphism of M normalizing H, and if 
H= M or M’ then Z, = Zal M is characteristic in M. Further F[M] is a 
crossed product over j7( M). 
We need the full strength of 6.1 below. It is an extended version of the 
relativised problem considered in the preceding section, for there we always 
had M = G. The standard version, when G = H = M is an immediate conse- 
quence. If G is a soluble group, always G’ n Zal G < Zal G’. Taking G = M 
and H = G’, the proof of 6.1 yields the following slightly more general 
result. 
6.2. Let G be a soluble subgroup of GL(n, D) with FCC] and F[A] 
prime for every abelian characteristic subgroup of G’ n Zal G. Then FCC] is 
a crossed product over Zal G and over B(G). 
This is a slight extension of [9, (14)] and is a direct derivative of 
ZalesskiI’s original work [S, p. 5231 or [7, p. 1881. 
Proof: Given a normal FC-subgroup Z, of M, clearly Z, < j?(M), so 
the final claim-of 6.1 (and 6.2) is an immediate consequence of the first. 
Let E(H) be the hyper FC-central characteristic subgroup of H used in 
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the definition of the Zalesskii subgroup of H, see [S, p. 3631 or [7, p. 188-J; 
so by definition 
Zal H= A,(E(H)) = {he H: (E(H) : C,,,,(h)) < 00 >. 
Set EM=E(H).A,(E(H)) and Z,=A,(E,). Clearly Z,<E,, so Z, is 
a normal K-subgroup of M with Z,,,, = Zal M if either M = H or M’ = H. 
Clearly i,(M) < Z,, 
Z,nHGA,(E(H))=ZalH 
and Z, is normalized by any automorphism of M normalizing H. It 
remains to prove that F[M] is a crossed product over Z,. Note that E, 
is hyper K-central, for if A= A,(E(H)), then A’< A,(E(H))<E(H), so 
A = A,(A’) and A is hyper K-central [S, p. 3631 or [7, p. 1881. Clearly 
EM/A 2 E( H)/E( H) n A is also hyper K-central and it follows easily that 
E, is too. 
Consider a subgroup X of Z, n [M, E,,,,] < 2, n H < Zal H, for which 
the left annihilator of the set X- 1 in F[M] is non-zero. We need to prove 
that X is finite. 
Suppose A is an abelian characteristic subgroup of N= Zal H (of 
N= G’ n Zal G in 6.2). By hypothesis F[A] is a domain, so C = F[A]\ (0) 
is a divisor subset of F[A], clearly normalized by G. Therefore C is also 
a divisor subset of FCC]. Then F[G] is C-torsion-free by [9, (13)] and 
consequently A n X= ( 1). We now make various choices for A. 
N is an FC-group, so if A denotes the centre of N, then N/A is locally 
finite. Then A n X = ( 1) implies that X is locally finite. So too is N’, so 
T= r(N) is the set of elements of N of finite order and thus Xd T. Of 
course T is characteristic in N. 
Suppose char F= 0. Then T contains a characteristic metabelian sub- 
group S of finite index, whose Hirsch-Plotkin radical A is abelian [7, 
2.5141. Again AnX= (1). But A = C,(A) and the domain (by 
hypothesis) E= F[A] is actually a field, since A is periodic. Thus if Y is 
any finite subgroup of Sn X, then C,(E) = (1) and E[ Y] is a classical 
crossed product with trivial factor set. As such it is a matrix ring of degree 
1 YI over C,(Y). Therefore 1 YI <n, e.g., by [7, 1.1.91, and it follows that X 
is finite (specifically 1x1 d n . (T : S)). 
Suppose now that char F = p > 0. Then. U = O,(T) is unipotent and 
characteristic in N. Being soluble iJ is also nilpotent [7, 1.3.43. Now take 
A to be the centre of U. Then F[A] is a domain with A unipotent. Hence 
A = ( 1) = U. A theorem of Zalesskii [7, 2.3.11 yields that T is isomorphic 
to a linear group of degree n and characteristic p. Hence T contains an 
abelian characteristic subgroup, call it A again, of finite index. Then 
A n X= ( 1) and X once again is finite. 
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We have now proved that the kernel of the natural map of the group 
algebra FM is, in the terminology of [7, p. 1851, left annihilator-free over 
Ztf n [M, ,EGI]. It follows via further work of Zalesskii that this ideal is left 
annihilator-free over [M, E,,,[], see [7, 5.3.8a and 5.3.91, and that F[M] is 
a crossed product over Z ,,,, see [7, 5.3.101. 
The following is an immediate consequence of 6.1 and either 5.4 or 5.5 
(applied to b(M)). 
6.3. With the hypotheses of 6.1 assume also either that F[P(M)] is 
prime, or that F[H] and F[n(H)] are prime, /?(H)E (L%)(L~) and D”“” 
contains a ring of quotients of F[H] containing M. Then F[M] is a crossed 
product over a(M). 
7. COMPUTING NORMALIZERS 
For this section we need some facts about rings of formal series. Let 
R = S[G] be a crossed product of S by G/N and assume G/N is given as 
an ordered group. Let T be any transversal of N to G, so in particular 
R= OIET tS, and set 
The set { tN : <, #O} is the support of x t(,. The obvious addition and 
multiplication make R into a ring, see the proof of [7, 1.4.143; the trickiest 
step is checking that the operations are well-defined. In an obvious sense 
R is a subring of i?. 
The following two results are easy to prove directly, but they also are 
immediate consequences of [ 13, Proposition 1.2 and Lemma 1.33. 
7.1. Suppose S is simple Artinian. Then so too is R. More precisely if 
s = D” x I’, where D is a division ring and if d = { eij : 1 < i, j < n } is the 
standard set of matrix units of S, then R= @ eijCz C”““, where 
C= C,(b) is a division ring. 
7.2. Suppose S above is simple Artinian and R is right Ore. Then the ring 
Q of right quotients of R embeds naturally in R and then S < R d Q d 8. 
7.3. Let A be a subgroup of GL(n, D) and set Z=[,(A) and T=t(A). 
Suppose 
(a) A’u Ts Z, 
CROSSED PRODUCT CRITERIA 341 
(b) F[N] <D”“” is prime for every characteristic subgroup N of A, 
(c) D”“” is the ring of quotients of its subalgebra F[A], and 
(d) F[A] is a crossed product over 2. 
Then NGL,,,. o,(A) = A . E* for E = F(Z). 
Note that Z lies in the centre of D”“” by (c) and hence in the centre of 
D. Thus E = F(Z) is simply the subfield of the centre of D generated by F 
and Z. We are not invoking 3.4. The proof below uses 1.2.6(a) of [7], 
which as it is stated is false. The proof given in [7] tactically assumes that 
the ring S is a subring of an Artinian ring, like D”“” above, a hypothesis 
omitted from the statement of 1.2.6(a). However, this is the only case used 
in [7] and is also the case used below. Actually 1.2.6(a) is true under much 
weaker extra assumptions, for example, if S is only a subring of a right 
Goldie ring or if S has only max. and min. on right annihilators, essentially 
the same proof working. 
Proof: Clearly A . E* d NGLCn, ,,(A); our task is to prove the converse. 
We show first that C GLcn, &A/Z) z A . E. Define Y by Y/Z = z(A/Z). Since 
Y/Z is locally finite, S = E[ Y] is locally finite-dimensional over E. Also 
F[ Y] is prime by (b) and S is a localization of it over its central domain 
F[Z]. Thus S is prime and hence simple Artinian [7, 1.2.6(a) and 1.1.91. 
Also F[ Y] is a crossed product over Z by (d), so S is a crossed product 
of E by Y/Z. 
Make the torsion-free abelian group A/Y into an ordered group and let 
W be an transversal of Y to A. Consider the ring i? of formal series 
1 )I.E w  M’i,. with well-ordered support, the [, lying in S. Now R = S[A] is 
a crossed product of S by A/Y from (d) and so S < R < R in the obvious 
way. By (c) and 7.2 we have R Q D” ” < R. Hence each element y of D” “n 
(indeed of R) can be written uniquely in the form. 
were the q, E E, U is a (fixed) transversal of Z to A, being say the product 
of W and a transversal of A to Y, the subset { UY : vu # 0} of A/Y is 
well-ordered and for each u E U the set 
{VE U:q,#O and VEUY} 
is finite. The final condition here comes from the crossed product structure 
of S over Z. 
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Consider J E CGL,,,. D, (A(Z). Then ~3 = EL, WI,, as above. If UE A then 
[J,, a] = : E Z s E and since A centralizes the II, E E we obtain 
Now [u, a] tlU and ylI,z both lie in E. Hence the uniqueness of the represen- 
tation yields [u, a] = z for all UE U with v], ~0. Thus if vu #O # qL, then 
[u, a] = [o, a] and [ZF’U, a] = 1 by (a). This is for all UEA, so U~‘OEZ 
and u = u. Consequently y E ME for some u E U, which implies that 
C GL(n, o,(A/Z) E AE as claimed. 
Now assume that x E NGL,,,, D,(A) and set B = ~1( x) A). Clearly 
r( (x) A) n A = T and A < fl( (x) A). By the definition of B 
[A,B]Qz((x)A)nA=T. 
Thus 
B d C<,>,(AIT) G CGL,~, o,(W) G AK 
using (a) and the first part of the proof. Apply 6.3 with F= E, H = A, and 
G = M = (x ) A. By (c) and 3.1 the groups A and (x ) A are irreducible in 
GL(n, D), so E[(x)A] is certainly prime [7, 1.1.141. The remaining 
conditions are trivial. Hence EC(x) A] is a crossed product of E[B] by 
(x)A/B. Then (x)A= AB by 3.2 and hence 
as required. 
It would be useful to compute the normalizer of any primitive <P, L)a- 
subgroup (or at least any primitive soluble subgroup) of GL(n, D). For a 
start we have the following. 
7.4. Let H be u soluble subgroup of GL(n, D) such that D”“” is the ring 
of quotients of its subalgebra F[H]. Suppose A = Zal H is ubeliun and F[ A] 
is a domain. Then 
N Gun, o,(H) = H. Nm,4W. 
By 3.1 the subgroup H is irreducible, so the quotient field F(A) of the 
domain F[A] embeds naturally in D”“” by 3.3. Thus the claim of 7.4 at 
least makes sence. 
Proof If A,, is any subgroup of A, trivially F[A,] < F[A] is a 
domain. Clearly H. N FcA14H) G NGLtn, Dj(W. Let XE No,,, &H) and set 
G = (x ) H. Then G is irreducible by 3.1 and so F[G] is prime. Apply 6.1 
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with M= G. Thus F[G] is a crossed product over a certain normal 
subgroup B= Z, of G satisfying Bn H s A. By 3.2 we have G = HB. 
Let T be any transversal of A to H and hence also of AB to G. Then 
FCHI = 0 tFCA1 and F[G] = @) tF[AB] (*) 
IGT rET 
the first being just the case x = 1 of the second. Let b E B. Then b lies in the 
ring of quotients of F[H], so b = (C fcr,)(C tyr)-‘, for suitable tlrr 7, in 
F[A]. Hence 1 t(b’y,) =x ~CI, and (*) yields that brYr=a, for all TV T. 
There exists UE T with y,#O, and then yU is a unit of F(A). Hence 
b=ucr,y;‘u-lEF(A) and so BGF(A). Therefore xe(x)H=HB= 
H. F(A), from which it follows that XE H. NFCAj.(H). The proof is 
complete. 
The following lemma, whose proof is related to that of 7.4, is used 
directly in the proof of the main theorem. 
7.5. Let H be a subgroup of GL(n, D) such that F[N] is prime for eoery 
characteristic subgroup N of H and suppose D” x n is the ring of right 
quotients of its subalgebra F[ H]. Assume t(H) < il( H). Let x E NGLCn, Dj( H) 
and suppose F[H] and F[ (x ) H] are crossed products over, respectively, 
/II(H) andB((x)H). Then xEH.F(Z)for Z=ila(H). 
Note that the quotient field F(Z) of F[Z] lies in D”“” by 3.1 and 3.3. 
Proof In fact F[H] is a crossed product over A = IX(H) by 5.4 and 
hence over Z by 5.1, for r(H) <i,(H) implies that A is nilpotent of class 
at most 2. Similarly F[ (x) H] is a crossed product over B = c(( (x) H) by 
5.5, for here /l(H) = q(H) is locally nilpotent. Clearly x centralizes z(H), 
so F[AB] is a crossed product over Z, =i,(AB) by 5.2. By 3.2 we 
have (x)H=HZ, and clearly ABnH=A(BnH)=A and Z,nH< 
c,(AB n H) = 2. Thus a transversal T of Z to H is also a transversal of 
ZZ, to (x) H and 
FCHI = 0 tFCZ1 and F[(x)Hl= 0 MCZZ,]. (*) 
IE T  IET 
Let z~EZ,. Then z, lies in the ring of quotients of F[H], so 
2, = (C tccI)(x ~7,))’ for suitable c(, and y, in F[Z]. Then C t(z;y,)= 
C ta,and(*)yieldsthatz~y,=cr,forallt~T.Thereexistsu~Twithy,#O 
and F[Z] is by hypothesis a domain, so y, is a unit of the quotient field 
F(Z). Hence z, = u~~~;‘u-~ E F(Z) and this is for all z, E Z,. Therefore 
Z, c F(Z) and 
XE(X)H=HZ,CH.F(Z). 
The proof is complete. 
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The following is a corollary of the proof of the main theorem 1.1, which 
we have yet to give, but it seems proper to record it here. We need it only 
for the proofs of 1.5, 1.6, and 1.7. 
7.6. Let H be u (P, L)*.U-subgroup of GL(n, D) such that F[N] is prime 
for ever)’ characteristic subgroup N of H, and suppose D”“” is the ring qf 
quotients of its subalgebra F[ H]. Assume T(H) 6 i,(H). Then 
N GL,n. ,(H) = H.N,,,,*(H)for Z= i,a(H). 
Proof. Again F(Z) < D” “” by 3.1 and 3.3. Certainly H. N,,,.(H) < 
N GL(rl, D,(H). Suppose x E NGLfn. LV (H). Then (?I) H is irreducible and 
F[ (x) H] is prime by 3.1. It will follow from 8.1 below that F[ (x) H] is 
a crossed product over fl( (x) H) and F[ H] is a crossed product over 
b(H). By 7.5 above x E H. F(Z) and the result follows. 
8. THE MAIN PROOFS 
8.1. THEOREM. Let G and H be subgroups of GL(n, D) such that 
HE (P, L ) ‘9I and G’ < H < G. Suppose F[G] is prime and F[N] is prime 
for every characteristic subgroup N of H. Then F[G] is a crossed product 
over some normal FC-subgroup Z, of G and hence also over B(G). If H = G 
or G’ then Z, is characteristic is G. 
For each ordinal c1 define the class X, of groups as follows: set 
X, = ( ( 1) f, the trivial class. If X, is defined for all fl< c1 set X, = Us < 2 3Zfi 
if u is a limit ordinal and X, = (LX, ~ ,)G otherwise. Then X, = 6, each X, 
is Se-closed, and Uz 3E,= (P, L)!ll, see [12, (15)]. If HE (P, L)‘2l then 
HE X, for some least CI and we prove 8.1 by induction on this IX. Clearly 
c1 cannot be a limit ordinal. For HEX, the conclusion of 8.1 is immediate 
from 6.1. We make the following hypothesis. 
(a) Assume G and H are as in 8.1 with HE X, for some a > 1 for 
which j3 = LX - 1 exists. Suppose F[G] is a crossed product over p(G) 
whenever H E X,. 
Before we analyse the structure of G we need a digression. For p as in 
(a) suppose K is a LXB-subgroup of GL(n, D) such that for some finitely 
generated subgroup X of K, if N is any normal subgroup of any finitely 
generated subgroup of K containing X then F[N] is homogeneously faith- 
ful. Then F[N] is prime by 2.1 and a simple argument (cf. the proof of 2.4) 
shows that F[N] is prime whenever N is a normal subgroup of any 
subgroup of K containing X. 
(b) F[K] is a crossed product over a(K). 
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For if X< Y < K with Y finitely generated then YE 3E, and by the choice 
of b we have that F[ Y] is crossed product over /I( Y). Suppose C xiii = 0, 
where the xi lie in distinct cosets of /I(K) in K and the ci are non-zero 
elements of F[B(K)]. By [12, (10(b)) and (12)] there exists a finitely 
generated subgroup Y of K containing X with each ci E F[B( Y)] and the xi 
in distinct cosets of p(Y) in Y. This contradiction of the crossed product 
structure of F[ Y] over /I( Y) shows that no such relation C xiii = 0 exists. 
Hence F[K] is a crossed product over /?[K]. But here F[p(K)] is also 
prime. Consequently F[K] is a crossed product over a[K] by 5.4. 
(c) Suppose T [ K] 6 Z = [ , a[ K]. 7’hen F[ K] is a crossed product 
over Z. 
Clearly here a[K] is nilpotent of class at most 2 and F[Z] is a domain. 
Hence F[cr(K)] is a crossed product over Z by 5.1 and therefore (c) follows 
from (b). 
F[ K] is prime and (by [ 111) Goldie. It thus has a simple Artinian ring 
S = F(K) of quotients. If Y is a finitely generated subgroup of K containing 
X then F(Y) embeds naturally in II”“” by 3.4, every regular element of 
F[ Y] lies in GL(n, D) and so is regular in F[ K] and S = u F( Y) < D” “. 
Let W denote the group of units of S. 
(d ) Suppose r(K)<c,(K). With Z=[,cr(K) again, N,(K) = 
K. N,,,.(K). 
K is an irreducible subgroup of W by 3.1, so F(Z) d S by 3.3 and N,(K) 
contains K. NFCZ,. (K). Let x E N,,(K). Certainly F[K] is a crosed product 
over B(K). If F[ (x) K] is a crossed product over j?( (x) K) then 
XE K .F(Z) by 7.5 and the claim will follow. 
There exists a finitely generated subgroup Y, of K containing X such 
that x, x-’ E 4 Y,) <F(K), the latter containment being from 3.4. Clearly 
F( Y,) n Z consists of regular elements of F(K) and so F( Y,) n Z is a sub- 
group of Z normalized by Y, . Set Y = Y,(F( Y1 ) n Z). Then X< Y < K and 
since F( Y,) n Z is abelian and j3 > 1, so YE X, by [ 12, (16)]. Also F[N] 
is prime for every normal subgroup N of Y and x E F( Y, ) = F( Y) < F(K). 
Let k E Kn F( Y). Then k = ac-’ for suitable a and c in F[ Y] and kc = a. 
Now F[K] is a crossed product over Z by (c) and hence F[K] is free as 
right F[ YZ]-module on any left transversal of YZ to K. Thus k E YZ n 
F(Y) = Y(Zn F( Y,) = Y. Consequently K n F( Y) = Y and so x normalizes 
Y. Also F[ Y] is prime, so F(Y) is simple Artinian, see 3.4, and so Y, and 
hence also (x) Y, is an irreducible subgroup of its group of units by 3.1. 
Therefore F[ (x) Y] is also prime and the hypothesis (a) concerning p 
ensures that F[ (x) Y] is a crossed product over p( (x) K). This is for all 
possible choices of Y, and [12, (10a) and (12)] again imply that 
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F[ (x) K] is a crossed product over fl( (s) K). The proof of (d) is now 
complete. 
This completes our digression and we return to the consideration of the 
groups G and H as in (a). We wish to express F[G] as a crossed product. 
Since F[G] is prime F[G] acts faithfully on at least one D-G composi- 
tion factor of row n-space over D. Thus: 
(e ) We may also assume that G is an irreducible subgroup of 
GL(n, D). 
(f ) Suppose G has normal subgroups L < GO such that 
(i) H, = G, n H and H n L are characteristic subgroups of H and 
(ii) GOnA<L<A,, where A = n Co(A) for A ranging over the 
abelian characteristic subgroups of H and AL = f-l Co&A,) for A, ranging 
over the abelian characteristic subgroups of H n L. 
Given Go with H, characteristic in H, possible candidates for L are 
G, n A, A, = n C,,(A,), where A, runs over the abelian characteristic sub- 
groups of HO, and A, = n C,,(A , ), where A r runs over the abelian charac- 
teristic subgroups of H contained in HO. Clearly Con A <A, < ,4,. If 
G=G, then H=H, and n=~I,=n,. If G=H then A=&.G, Go=H,,, 
and A, = 1,G,, see Section 4 for notation. 
F[G] is a crossed product over n by 4.1, so FCC,] is a crossed product 
over L since Go n LI < L. Clearly a characteristic subgroup of H n L is 
characteristic in H by (i). Since L < ,4 L every abelian characteristic 
subgroup of H n L lies in the centre Z of L. 
Consider P = t( H n L). Necessarily P is soluble [7, 2.3.1 and 2.541. We 
claim that P contains an abelian characteristic subgroup Q of finite index. 
Suppose char F= 0. Then P contains a metabelian characteristic subgroup 
Q of finite index, whose Hirsch-Plotkin radical Q, is abelian [7, 2.5141. 
Then Qr < Z is central in Q and yet C,(Q,) < Q,. Thus Q = Qr is abelian. 
Now suppose that char F= p > 0. Since F[ P] is prime by hypothesis, 
O,(P) = ( 1 ) and a theorem of Zalesskii [7, 2.3.11 yields that P is 
isomorphic to a (soluble) linear group of degree n and characteristic p. 
Therefore again P has an abelian characteristic subgroup Q of finite 
index. Also Q d Z and trivially L/C,(P/Q) is finite. By stability theory 
C,(P/Q)/C,(P) is isomorphic to a subgroup of Hom(P/Q, Q). But P/Q is 
finite and Q has finite rank (at most n by [7, 2.3.1 and 2.511. Therefore 
this homomorphism group is finite and hence so too is L/C,(P). 
Since G is now irreducible (see (e)) every characteristic subgroup of H 
is homogeneously faithful by 2.2. Some finitely indexed term of the derived 
series of Hn L 2 L’ lies in C,(P) and in LX,, the latter since 
HE I, = (LX,)6 Apply 2.6 to this term. Hence we construct a charac- 
teristic subgroup K of H n L with L/K soluble, [K, P] = (1 ), and 
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KE LX,, and a finitely generated subgroup X of K such that N is 
homogeneously faithful whenever N is a normal subgroup of a finitely 
generated subgroup of K containing X. In particular 
r(K)=Knt(HnL)<[,(K)=KnZ. 
By (c) the algebra F[K] is a crossed product over [, a(K), but here 
[,a(K),<Z, so [,a(K)=KnZ. 
Since L/K is soluble, so is M= C,(K) > Z, and if N is characteristic sub- 
group of H n MB M’, then N is characteristic in H and F[N] is prime. 
Hence F[M] is a crossed product over some normal K-subgroup Z, of 
M by 6.1 and hence also over /3(M), and if G = H then F[ M] is even a 
crossed product over a(M) by 5.4. Also by 6.1 the group Zn, is actually 
normal in G and if H = G or G’ then Z, is characteristic in G. Clearly 
Z<i,(M)<Z, and 
by 6.1 again. 
(g) Suppose A is a normal subgroup of Go with K n Z < A < M such 
that F[M] is a crossed product over A. By the above Zw, P(M) and in 
certain circumstances a(M) and Zal M are possible choices for A. 
Let U be any transversal of Kn Z to K and V of A to M. Then we have 
F[K] = @ uF[KnZ] and FCMI = 0 oFCAl. (*) 
“E CI PE r’ 
Set S= F(K) and note that S is naturally a subring of D”“” by (e) and 3.3. 
Also F[K] is prime, so S is simple Artinian and the centre J of S is a field. 
By the Azumaya-Nakayama theorem [2, p. 3631, 
5’. C,.x:.( K) = SoJ C&K). (**) 
If W denotes the group of units of S then N,(K) = K. F(Kn Z)* 
by (d). In particular J* < K. F( K n Z) and trivially Jn K= Kn Z, so 
J= F(Kn Z). Consequently J is just a localization of the central 
subdomain F[Kn Z] of F[KM] and (*) yields that . 
J[K] = @ UJ and J[M] = @ vJ[A]. 
UE C! L’E I’ 
This with (**) gives 
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F[KM] 2 @ urF[A]. 
c,. I’ 
But UVA = UM = KM, UV is a transversal of A to KM, and F[KM] is a 
crossed product over A. 
Now S[L] is a crossed product over L A W. C,,(K) by [ 10, 1.63 and 
so F[L] is also a crossed product over 
Ln W.C,,(K)=LnN,(K).Cw,(K), 
=LnK.F(KnZ).C,,(K) by (d) again, 
=Ln K.C,,(K), 
= K . C,(K) = KM. 
Thus we now have F[G,,] a crossed product over L, F[L] a crossed 
product over KM, and F[KM] a crossed product over A. We have 
therefore proved 
(h) With assumptions (a), (f ), and (g) the algebra FCC,] is a crossed 
product over A. 
First Special Case. Let G,, = G and L = A. Then H, = H and 
H n L = A, H are characteristic in H. Trivially Go n .4 = L < AL. Thus (f ) 
holds. There exists A such that (g) holds, e.g., A = Z, or A = P(M). There- 
fore assuming (a) we have that F[G] is a crossed product over Z, and 
hence also over P(G). This completes the induction step in the proof of 
Theorem 8.1. If H is G or G’ then ZM is characteristic in G. The proof of 
8.1 is complete. 
If in 8.1 we take H = G’ and apply 5.4 we obtain the following corollary. 
8.2. Let G be a (P, L)2l-subgroup of GL(n, D) such that F[G] and 
F[N] are prime for N any characteristic subgroup of G’. Then F[G] is a 
crossed product over /I(G). I f  F[ N] is prime for any characteristic subgroup 
N of G, then F[G] is a crossed product over u(G). 
We return now to our general assumptions (a), (f ), and (g). 
(i) Suppose also that G=Hand P=t(HnL)<ci,(L). 
Set N = Z,, or N = a(M). Then N’ is periodic, so N’ < H n T(L) = P. 
Hence by Hall’s three subgroup lemma 
[N’, N’] < [N’, N, N] < [c*(L), L, L] = (1). 
CROSSED PRODUCT CRITERIA 349 
Thus N’ is an abelian characteristic subgroup of L, so N’<Z and N is 
nilpotent of class at most 2. Therefore F[N] is a crossed product over 
i,(N) by 5.1. Here clearly 5 L(N) = Z, so F[M] is a crossed product over 
Z. Taking Z for A in (g) we obtain the following from (h). 
(j ) Assuming (a), (f ), and (i) the algebra F[G,,] is a crossed product 
ouer Z= i,(L). 
Second Special Case. Let G= H, GO= C,(r(G)), and Z= A,= I1,GO. 
Clearly (f) and (i) hold. Thus F[G,,] is a crossed product over Z. It is then 
a crossed product over ~(6,) by 5.4 and so over [, a(G,) by 5.1. Alter- 
natively we can choose L to be A, or G, n A. Using [ 12, (l)] we have 
proved the following. 
8.3. Let G be a (P, L) ‘U-subgroup of GL(n, D) such that F[N] is prime 
for every characteristic subgroup N of G. Then F[C,(r(G))] is a crossed 
product over 
where A, ranges over the abelian characteristic subgroups of G in C,(s(G)). 
Third Special Case. Let G = H and set L, = A = 1,G. Then by [ 7, 2.3.1 
and 2.5141 there is an abelian characteristic subgroup Q, of P, = t(L,) 
with (P, : Q,) finite and bounded by a function of n only. Set 
G,=C,(P,/Q,) and L=GOnL,. Clearly (f) holds. Also P=T(L)= 
Ln PI and Q,<i,(L-,), so 
CP, L Ll G CP,, Go, Ll G [Q,, &I = (1) 
and (i) holds. Thus FCC,] is a crossed product over the abelian charac- 
teristic subgroup Z = c,(G, n A,G). Hence FIGo] is also a crossed product 
over /I(G,) and a(G,) by 5.4. Note that GO and Z depend only on the 
group structure of G. 
8.4. Let G be a (P, L > ‘%-subgroup of GL(n, D) such that F[ N] is prime 
for every characteristic subgroup N of G. Then G has a characteristic sub- 
group G, of finite index bounded by a function of n only and depending only 
on the group structure of G, such that F[G,] is a crossed product over the 
abelian characteristic subgroup 
i,(G, n A,@ n 4W 
of G. If t(A,G) < cz(l,G) we can choose G, = G. 
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The main part of 8.4 follows from the preceding remarks and [ 12, (1 )] 
again. Suppose r(l,Gjd<z(l~G). Set G=H=G, and L=&G. By 
hypothesis (i) holds, so (j) does too. The remaining part of 8.4 is a 
consequence. 
Fourth Special Case. Let G = H. By [7, 2.3.1 and 2.5.141 again there is 
a characteristic subgroup Qr of P, = r(G) of fmite index bounded by a 
function of n only, such that either Q2 is abelian, or Qz is metabelian with 
all its Sylow subgroups abelian. Set G, = C,( P,/Qz) and L = G, n A or ,4,. 
Clearly (f) holds. Also q(L n Qz) is abelian and characteristic in G. Hence 
it is central in L. But q(L n Qz) contains its centralizer in L n Q2. Thus 
L n Qz = yl(L n Q2) is abelian and as such lies in Z. Further P < Pa and 
[ Pz, L] < L n Qz. Therefore [P, L, L] = ( 1) and again (j ) applies. These 
remarks lead to a proof of the following. 
8.5. We can choose G,, as in 8.4 such that F[G,,] is a crossed product 
over the abelian characteristic subgroup 
of G, where A, runs over the abelian characteristic subgroups of G contained 
in G,. 
In the third and fourth special cases consider the case n = 1. If char F > 0 
then r(G) is abelian and we can choose Q, = P, and Q2 = P,. Thus G, = G 
in both cases and F[G] is a crossed product over {,(&G) n CI( G). Now 
suppose char F= 0. The structure of P, and P, are given by [7, 2.5.91. 
In the third special case we can choose Q, = [*(PI) and the possibilities 
for Pk/Q, are (1 ), Cz x Cz, Alt(4), and Sym(4). In the fourth special case 
if we choose Qz as large as possible the possibilities for Pz/Qz are ( 1 ), Cz, 
Cz x C,, Alt(4), and Sym(4). Then in all cases G/G, is isomorphic to a 
subgroup of Sym(4), and in particular the index (G : G,) divides 24. 
(C, denotes a cyclic group of order 2.) 
The results and examples of [12] show that the best possible bound for 
(G : G,), where n = 1, char F= 0, and F[G,] is a crossed product over 
some abelian normal subgroup of G,, is 6. Thus the bounds for (G : G,) 
that can be derived from the proofs above of 8.4 and 8.5 are certainly 
unnecessarily large, but perhaps not wildly so. 
9. THE PROOFS OF THE RESULTS OF SECTION 1 
Theorem 1.1 we have proved already, for Part (a) follows from 8.1, Part 
(b) from 8.2, Part (c) from 8.4, and Part (d) from 8.4 or 8.5. We indicated 
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in Section 1 how 1.2, 1.3, and 1.4 are derived from 1.1. Also 1.6 is an 
immediate consequence of 1.5. This leaves only 1.5 and 1.7. 
The Proof of 1.5. We have 
HEPL((P,L)wJ~)=P((P,L)mJL~). 
Always T = r(H) contains every ascendant locally finite subgroup of H, see 
[6, 2.311. By [7, 5.6.7 and 5.6.1 l] we may replace H by C,(T) and assume 
that T lies in the centre of H. The product S of the normal (P, L)2l- 
subgroups of H is clearly a normal (P, L )%-subgroup of H containing T. 
Moreover 
PLKP, L)%UtF)G (P, L) wk 
so by [12, (21)] the subgroup S contains every ascendant (P, L)2l- 
subgroup of H. 
Set C = C,(S). We claim that Cd S. Suppose otherwise. Then C/( C n S) 
contains a non-trivial characteristic subgroup X/(C n S) that is either 
(P, L)2I or locally finite (using [6, 2.31; 12, (21)] again). In the former 
case SXE (P, L ) ‘?I directly. In the latter case Schur’s theorem [S, p. 213, 
Lemma] yields that X’ is locally finite. Then x’ ,< T< i,(H), X is nilpotent 
and again SXE (P, L ) VI. The definition of S implies that SX= S and 
yields the contradiction X/( C n S) = ( 1). This completes the proof that 
Cd s. 
Suppose we have proved the result for H = S. Then S and H/C are both 
abelian by periodic. Consequently we will have HE (?I. LiJ)’ and in that 
case an application of [7, 5.6.7 and 6.5.1 l] completes the proof. We are 
now reduced to the case where H = SE (P, L)‘% 
By [7, 5.7.121 it suffices to prove that HE PL(% n g), where % is the 
class of nilpotent groups. Thus by [7, 1.2.13 and 1.2.141 we may assume 
that F[N] is prime for every normal subgroup N of G. Also H/C&?(H)) 
is abelian by locally finite by [7, 5.7.121, so we need only consider 
C&?(H)). As a result of these reductions we may assume that 
and that F[N] is prime for every characteristic subgroup N of H. 
Choose F to be the centre of D, so F[G] = D”“” by hypothesis. Cer- 
tainly F[ H] is prime, so by the theorem of [ 111 it is also a Goldie ring. 
Its ring S of quotients is simple Artinian and (by [7, 5.7.91) is naturally a 
subring of D” x “. Let CT denote the group of units of S. By 1.6 of [lo] the 
ring S[G] = D”“” is a crossed product of S . C’,...(H) by G/X, for 
X=Gn U.C,;,(H)=GnN,,(H).C,,,(H). 
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NOW N,,(H) s H. F(Z) by 7.6, where here Z is the centre of H. Thus 
X=GnH.C,.,(H)=H.C,(H) 
and D”*” is a crossed product of S. C,nx,,(H) by G/H. C,(H). But 
D “x”=F[G]. Consequently S.C,...(H)=F[H.C,(H)]. 
If J denotes the centre of S, then s.C,..,(H)=SO,C,,..(H) by the 
Azumaya-Nakayama theorem [2, p. 3631 and clearly F[H] d S and 
F[C,(H)]<C,,..(H). Hence S=J[H]. By 7.6 again J=F(Z), for clearly 
J is a subfield with J* <N,,(H). In particular J is a localization of F[Z]. 
If N is a characteristic subgroup of H then F[NZ] is prime with F[Z] in 
its centre. Hence J[N] = JOFcz, F[NZ] is also prime. By 1.1(a) the 
J-algebra S = J[H] is a crossed product of J[Z] = J by H/Z. It then 
follows from [7, 5.3. l] that H/Z is periodic. The proof is complete. 
The Proof of 1.7. This result may be proved similarly to [7, 6.2.1 and 
6.2.31. More precisely it is an immediate consequence of 1.5 and the 
following. 
9.1. Let X be an image-closed class of groups such that every absolutely 
irreducible skew linear X-group is abelian by locally finite. Then 
(a) dFn6nXs2J,and 
(b) if F is not locally finite then 3Fn X E OF. 
Proof Let G, be a sFn X-group and suppose V is an irreducible 
FG,-module. Then V has finite dimension, n say, over its endomorphism 
ring D. Pick a D-basis for V and let G be the resulting image of GO in 
GL(n, D). Necessarily G is absolutely irreducible, and also GE QX = X, so 
by hypothesis G is abelian by locally finite. Then GE 3Fn 2ILB and hence 
by [7, 6.2.1 or 6.2.31 the group G lies in OF. Consequently the irreducible 
FG-module V has finite dimension over the centre of D and G,, E OF as 
claimed. 
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